
Focus on … The Dot Product

Suppose we draw a triangle in R2, and calculate the dot products of the side
vectors having tails at each vertex. This gives three dot products. Suppose we
add these values. Is the result related to the triangle in any way?

Problem 1
a) For each triangle in the diagram:

i) Calculate the dot products of the two vectors with tails at
each vertex.

ii) Determine the sum of the dot products.

b) Choose any of the triangles in part a. Suppose this triangle 
were moved to a different position, without changing its size 
or shape. Explain why the sum of the dot products you
calculated in part a would not change.

Problem 2
This problem is a generalization of problem 1. Let A, B, and C be the vertices
of any triangle with side lengths a, b, and c.

a) Show that bc cos A + ca cos B + ab cos C = a2 + b2 + c2

2
.

b) Describe the special case that occurs for a right triangle.

Focus on … Plotting Points and Lines in R3 on Paper

When we plot points in R3 on a two-dimensional piece of paper, it 
is possible for different points to coincide on the diagram. In the
next three problems, assume that the diagrams are created like the
one at the right. The positive x-axis makes an angle of 135˚ with 
the positive y-axis, and the scales are the same along all three axes.

Problem 3
a) The diagram shows the point A(3, 6, 8) in R3. Copy the diagram

on grid paper, and determine the coordinates of three other
points in R3 that would be plotted in the same position on 
the diagram.

b) Describe how the coordinates of the points in part a are related.
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Problem 4
In the diagram for problem 3, point A has coordinates (3, 6, 8). This is actually
a two-dimensional diagram that was created on a computer. Point A was plotted
using the approximate coordinates (3.9, 5.9) relative to the origin and the 
y- and z-axes.

a) Explain how the coordinates (3.9, 5.9) can be determined from the
coordinates (3, 6, 8).

b) Let (x3, y3, z3) represent the coordinates of a point, A, in R3. Write formulas
for the coordinates (y2, z2) of the point A′ in R2 that should be plotted to
represent point A on paper.

c) Check your formulas in part b. Use the 3 points determined in problem 3.

Problem 5
When we plot a line in R3 on a two-dimensional piece of paper, it is possible
for all the points on the line to coincide on the diagram. Such a line will appear
as a point. Given the parametric equations of the line in R3, how can we tell if
this will happen?

Focus on … Area of a Parallelogram in R2

In Section 2.4, we calculated the area of a parallelogram in R3 by calculating
the cross product of two side vectors and determining its magnitude. Although
cross products are not defined for vectors in R2, we can still use cross products
to determine areas of parallelograms in R2.

Problem 6
The diagram below left shows the parallelogram in R2 determined by the vectors −⇀
OU = [4, 2] and 

−⇀
OV = [1, 6]. You can calculate its area by visualizing the same 

parallelogram drawn on the xy-plane in R3 (below right). Calculate the area of the

parallelogram determined by the vectors 
−⇀
OU = [4, 2, 0] and 

−⇀
OV = [1, 6, 0]. This 

is the area of the parallelogram in R2.
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Problem 7
To calculate the area of a parallelogram in R2, we do not need to go into three
dimensions and use cross products. We should be able to determine the area
using only two-dimensional concepts.

a) Find a way to determine the area of the parallelogram in the first diagram
for problem 6 without using cross products.

b) Derive a formula for the area of a parallelogram in R2 determined by the 

vectors −⇀a = [a1, a2] and 
−⇀
b = [b1, b2] .

Focus on … Scalar Triple Products

In Section 2.5, we used the scalar triple product, −⇀u • −⇀v × −⇀w , to test for
coplanar vectors in three dimensions. For vectors that are not coplanar,−⇀u • −⇀v × −⇀w has a non-zero value. In the next problem, you will determine
how the value of −⇀u • −⇀v × −⇀w is related geometrically to the vectors −⇀u , −⇀v ,
and −⇀w .

Suppose −⇀u • −⇀v × −⇀w ≠ 0 , so the vectors −⇀u , −⇀v , and −⇀w are 
not coplanar. When drawn tail-to-tail, they form an object,
called a parallelepiped, whose faces are parallelograms.

Problem 8

a) Vectors −⇀v and −⇀w determine a parallelogram that serves as
the base of the parallelepiped. Write an expression for the area of the base.

b) The vector −⇀v × −⇀w is perpendicular to the base. Find the magnitude of the
projection of −⇀u on −⇀v × −⇀w . This represents the height of the parallelepiped.

c) The volume of the parallelepiped is the product of the base area and the 

height. Show that the volume of the parallelepiped is 
∣∣−⇀u • −⇀v × −⇀w ∣∣ .

d) Under what condition is it not necessary to use the absolute value signs in
part c? 

Problem 9

Explain why −⇀u • −⇀v × −⇀w = −⇀v • −⇀w × −⇀u = −⇀w • −⇀u × −⇀v .

The pattern in the letters in the above equations is an example of 
cyclic symmetry. Cyclic symmetry also occurred in problem 2.
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Problem 10
Calculate the volume of each parallelepiped.

a) the parallelepiped formed by the vectors −⇀u = [2, 1, 3] , −⇀v = [1, −4, 2] ,
and −⇀w = [0, 3, 5]

b) the parallelepiped determined by the points A(1, 2, 2), B(3, 2, 0), C(2, 4, 3),
and D(–1, 4, 3)

Problem 11
Show that the dot and the cross in −⇀u • −⇀v × −⇀w can be interchanged without
changing its value. That is, explain why:

−⇀u • −⇀v × −⇀w = −⇀u × −⇀v • −⇀w

Focus on … Perpendicular Distance

In exercise 20 on page 162, you calculated the perpendicular distance from given
points to given planes. In part a, you may have calculated the perpendicular
distance from A(2, 3, –1) to the plane 2x + y − 2z + 9 = 0 using the following
method.

Since the normal vector of the plane is −⇀n = [2, 1, −2] , the line through A 
and perpendicular to the plane has parametric equations x = 2 + 2t , y = 3 + t,
z = −1 − 2t. Solve these with the equation of the plane to determine the point of
intersection, B(–2, 1, 3). The length of segment AB is 6, which is the
perpendicular distance from A to the plane.

A simpler method uses projections, and applies to other problems involving
perpendicular distance. You will use this method in problem 12, then apply it 
to other situations involving perpendicular distance in problems 13 and 14.

Problem 12
a) Calculate the perpendicular distance from A(2, 3, –1) to the plane

2x + y − 2z + 9 = 0 using the following method.
By inspection, determine the coordinates of any point C on the plane. 

Calculate the projection 
−⇀
AC ↓ −⇀n , where −⇀n is the normal vector to the 

plane. Calculate the magnitude of 
−⇀
AC ↓ −⇀n .

b) Use a diagram to explain why the magnitude of 
−⇀
AC ↓ −⇀n is the

perpendicular distance from A to the plane.
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